Proof. First, we show that Equation (9) and (8) are valid for any internal node x i when calculated by post-order traversal. When we reach x i it can be an internal node or the root node. If x i is an internal node, we distinguish between the children being leaf nodes or internal nodes. Images for Figure 1 were taken from Wikipedia. 1) x L(i) and x R(i) are leaf nodes. Then Equation (4) gives, (using φ
gives,
3) x L(i) is an internal node and x R(i) a leaf node. By symmetry, case 2 holds. 4) x L(i) and x R(i) are both internal nodes.
. Now Equation (4) gives,
If x i is the root Equation (8) follows from a similar argument, but with ρ i = 0.
From equations Equations (9) and (8) together it follows that the mean can be calculated by post-order traversal to provide information for the root location (8) to be calculated, followed by a pre-order traversal to calculate locations of internal nodes using (9).
Complexity: it is easy to see the algorithm is O(n) since it takes one postorder traversal sending 2n − 2 messages up and one pre-order traversal calculating locations for n − 1 internal nodes. Each message and latitude calculation is O(1).
